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INTRODUCTION

Background

» The goal of much observational research is to identify factors

that have a causal effect on outcomes.

» Many observational studies extend beyond a single time point

and frequently incorporate repeated measures.

- Healthcare interventions — Progression of a chronic disease
- Environmental exposures — Health problems

- Training program — Better performance
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INTRODUCTION

Binary Treatment:
- Djj = 1 if i-th subject at time period j was received a treatment.
- Djj = 0 otherwise.
Potential outcomes:
- Y;i(1): outcome if i-th subject at time period j is exposed.
- Y;;(0): outcome if i-th subject at time period j is not exposed.

- Consistency:

Yii(Djj) = Yj; if subject i at time j receives treatment D;;.
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INTRODUCTION

Treatment effects

» Treatment effects for i-th subject at time j: Y;;(1) — Y;;(0)
> Average treatment effects (ATE): E[Y;;(1) — Y;;(0)]
» A possible estimator of ATE:

E[Y;(1)|Dy = 1, X, Zi] — E[Y;;(0)| Dy = 0, Xy, Zi]
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INTRODUCTION

Treatment effects

» Selection bias: In general, ford =0, 1,
E[Y;(d)] # E[Y;j(d)|Dy = d, Xyj, Zi]

» Requires the assumption of no unmeasured confounders
(Hirano and Imbens, 2001).

» No unmeasured confounders (Rosenbaum and Rubin, 1983)

Y;(0), (1) L Dy|X;, Z

6/28



Introduction Setup Estimation Numerical Results Conclusion References Appendix
000080 000000000 0000000 Q0 [e]e]
!

RUNNING EXAMPLE
Air pollution on mental health dataset
» CitieS-Health Barcelona Panel Study (Gignac et al., 2022).

» Comprises 3,333 observations from 286 distinct participants,
collected in Barcelona, Spain.

» There are various variables:

- Environmental variables, Meteorological variables,

Self-reported survey data, Results from the Stroop test

» Goal: Identifying causal effects of short-term exposure to air

pollution on mental health.
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RUNNING EXAMPLE

Running example

» Outcome (Yj;): Mental health test score of i-th participant at time
period j.

» Treatment (D;j): Binary air pollution index when the i-th

participant is conducting the j-th test.

» Confounding variable

- Time-invariant (Z;): gender, education, smoking behavior.

- Time-variant (Xj): stress level, temperature, humidity,
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RUNNING EXAMPLE

Running example

» Highly likely that unmeasured confoundings exist.

» Integrated variable of unmeasured confoundings (U;):

- Size of nearby green and blue area
- Urban transportation intensity

- Individual characteristics
Research question

» How can we estimate the treatment effects with U;?
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SETUP

Repeated measured data
» For each individual i, we have {Yj;, Dj;, Z;, Xj;, U; } where

- Yjj: observed outcome variable.

- Djj: binary treatment assignment variable.

- Z; € RP1: time-invariant covariates.

- Xjj € RF2: time-varying covariates.

- U; € R: incorporated unmeasured confounding.
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SETUP
Assumptions

» To identify the treatment effects, we assume
(A1) Conditional ignorability: Y;;(0), Y;;(1) L Dij|Xij,Z,-, u;.
(A2) Positivity: 0 < P(D;; = 11X, Z;, U;) < 1.
(A3) Consistency: Yi; = D;;Y;(1) 4+ (1 — Dy;)Y3(0).

» Under assumptions (A1) — (A3), ATE can be identified as

E[Y;(1) — Y;(0)] = ]E[IE [Yyi| Xy, Zi, , Ui, Dy = 1]] - ]E[IE [Yyi| Xy, Zi, , Ui, Dyj = 0]].
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SETUP

Model formulation
» Fori=1,2,....mandj=1,2,...,n;
By ai
E(Y;|Dyj, X3, Z;,U;)) = (1 Dj L)X:+(1 Dy u; 1
01D X3 23, U) = ( J(IBZT), ( ])(m) O

= ﬁlTX{]k + DijﬁzTX,? + a1U; + DjjarU;

where
_ T xT\T 1
X:=(1,2',x])" erntrt,
B1 € R1H72+1: intercept and the main effects.
B, € RP1tP2+1: treatment, and interaction effects between D;; and (z;, X,'j).

» This model can address the situation where both observed and
unobserved confounders affect outcomes differently depending

on treatment assignments.
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SETUP

Model formulation

» For identification purposes, we reparameterize (1) by defining

bi :=aqU;, and w := ap/ay:
E(Y§|Dyj, bi, Zi, Xij) = B X; + DijB; X;; + (1 +wDjj)bi,  (2)
» b;: An incorporated effect of unmeasured confoundings.

» w: The impact of b; on the outcome could vary depending on Dj;.
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SETUP

Three-stage model
> (Stage 1) For individual unit i at j-th repeated measuerment:
Yi = B X;i + DBy X;; + (14 wDj)bi + € (©)
where €; ~ N(0, 0%).
» (Stage 2) For the treatment assignment,

exp(n' X;; + &bi)
P(Dj = 1Xj;,Z;, b;) = ! 4
(Dj X Zi; bi) 1+ exp(nTX;]“- + &by) @)

where n € RP 72+ ¢ € R, and further assume
Dij 1 Dij’ ‘Xiﬁ Z,‘, bl‘ fOI‘j 75 j/.
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SETUP

Three-stage model

> (Stage 3) The integrated effect of unmeasured confoundings,
b; ~ N(0,0%)

independently with each other, with ¢;;, and with observed
covariates (X, Z;).
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Treatment effects

» Under the three-stage model and (A1) — (A3), treatment effects
are defined as follows:

E [Y;i(1) — Y3(0)|bi, Xy, Zi] = B X;; + wby, ©)
E [Y;(1) - Y3(0) Xy, Zi] = B; Xj, (©)
E [Y;(1) = Y;(0)] = B, E[X}]

7)
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ESTIMATION

Incomplete-data problem

» For each individual across the repeated measurements, we have
{vij, dij, zi, xi, bi}.
» Due to the unobservable nature of b;, the observed dataset is
{yij» dij, zi, xij -
» Incomplete-data problem involving latent or missing variable.

» Need to estimate 6 := (3, 0,w, n, &, 0p) with incomplete data.
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ESTIMATION

EM algorithm

» A widely used tool for incomplete data problems
(Dempster et al., 1977).

- Linear mixed effect models (Laird and Ware, 1982)
- Mixture models (McLachlan et al., 2004)

» We will treat b; as latent.

» Advantage: We can estimate b; through E(b;|y;, d;, x;, zi).
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ESTIMATION
E-step

» A conditional expectation of the complete data likelihood given
the observed data and the current estimate of the parameters is
determined (Wu, 1983).

» With our setup,
Q(0;0W) :=E[(.(0)]y,d,x,z,0W]. ®)

where %) be the current estimate of the parameters, and the

complete-data log likelihood,

0:.(0) = Zlogf(yi7diabiyxi72i§0)~ )

i=1
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M-step

» Find updates of each parameter estimates that maximize (8).

(k+1) _ *(9- W
2] argmng (0,0 )
where 0 = (8,0,w,n, &, 0p).
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ESTIMATION

Approximation method
» Challenge when employing the EM algorithm:
- Unable to obtain closed-form expressions for Q(8; 8®).
» How to address this challenge?

- Compute an approximation of Q(8; %) using Laplace’s
method.
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ESTIMATION

Laplace’s approximation method with an extra positive factor

Suppose that ¢ : R” — R is a smooth function and scalar function of b;
with a unique minimum at b;. If there is an additional factor h(-)
which is a smooth and positively valued function, we can employ an

alternative Laplace’s approximation:

p/2 h( )e—Ng(l%)

2 i
|H(g) (bi)[/2

[ (e exp{~Ng(b)an ~ (ﬁ> (10)

where H(g)(b;) is a Hessian matrix of ¢ evaluated at b; (Butler, 2007).
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ESTIMATION
Laplacian-Variant EM algorithm

» Non-linear model for the treatment assignment

— No explicit expression.
» Existing EM algorithm cannot be applied.

» Laplacian-Variant EM algorithm iterations:

(Step 0) Find a set of initial values, ().

(Step 1) Derive Q(8;0%)).

(Step 2) Approximate Q(0; 0%)) ~ Q*(8;0").
(Step 3) Find 8%+ that maximizes Q*(6; 0M).

» Repeat (Step 2) - (Step 3) until the algorithm converges.
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NUMERICAL RESULTS

Air pollution on mental health dataset

» The average treatment effect (ATE) indicates that good PM2.5

levels causes a modest improvement in cognitive performance.

» This suggests that short-term exposure to high PM2.5 level has a

slight negative impact on mental cognitive health.

Table 1: Estimates of Average Treatment Effect

Estimate Mean 95% C.I. 90% C.I. P-value
0.043 0.043 (0.024) (-0.002,0.091) (0.004, 0.082) 0.078
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Heterogeneous Treatment Effect by Age

Heterogeneous Treatment Effect by Noise
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Figure 2: HTE Plot by Age and Exposure time to noise
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CONCLUSION

To sum up

» We propose a method that alleviates the no unmeasured
confounders assumption by incorporating the integrated effect

of unmeasured confoundings (b;).

» We propose Laplacian-Variant EM algorithm as a key estimation

tool, treating b; as latent.

» We can jointly estimate parameters in the three-stage model
including nonlinear relationships between treatment

assignments and observed and unobserved confounders.
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CONCLUSION

Discussion

» Can incorporate univariate b; in the model due to the

identifiability issue.

» Aimed to identify the causal effect of short-term exposure to air

pollution on mental health.

» However, we had to use the annual average (long-term)

standard as a criterion
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STROOP TEST

Stroop test

» A psychological assessment tool used to gauge cognitive

processing speed and selective attention.

» Participants are presented with a list of color names written in

different colors.

» Task is to name the ink color of each word as quickly and

accurately as possible, regardless of the actual word.

> Assessing test performance involves analyzing the participants’

response times and accuracy under different conditions.
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APPENDIX: TE

Assumptions

» Under assumptions (A1) — (A3), ATE can be identified as

[[yl](n yij(0)|xq,zl,,u]]
=E[E[Y;(D[X;, 2, U] | - E[E[Y;0)|X;, Z;,, U]
- []E[Yl](l)|X,],Z,,,U D; 71}] [E[Yij(0)|x,],z,,,u D;; 70}]
:IEI[IE[ i X3, Ziy, Ui, Dy _1}] [IE[ i X3, Ziy, Ui, Dy _0}]

» Assumptions:

(A1) Conditional ignorability: Y;;(0), Y;(1) L Djj| Xy, Z;, U;.
(A2) Positivity: 0 < P(Dy = 1/X;, Zi, Uj) < 1.
(A3) Consistency: Y,] = DZJYU(l) (1 — DZJ)YU(O)
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APPENDIX: TE

Treatment effects

» Under the three-stage model and (A1) — (A3),
E[Yy(1)|Dy = 1,X5,Z,bi] = (8] +B])X; + (1 +w)bi
E [Yij(o)’Dij = O,XijaZi,bi} =B/ X +bi.

» The CATE given both observed covariates and integrated
unobserved effects would be:

E [Y;(1) = Y;(0) |bi, Xij, Zi] = B, X;; + wh. (11)
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Treatment effects

» The HTE given the observed covariates would be

E [Y( (0)[X3, 2] = B, X;
» The ATE would be

E [Y;(1) - Y;(0)] = B3 E[X;]

(12)

(13)

28 /28



Introduction Setup Estimation Numerical Results Conclusion References Appendix
000000 000000000 0000000 Q0 [e]e]
!

APPENDIX: ESTIMATION

Estimates of b;

» From Laplacian-Variant EM algorithm, we can obtain
Ei = E(bily;, di, x}, é) as follows:

o - 5 T
E [bily;, di, xi,2i,0] = b; + %bi {yi —xB8 -1+ @di)bi} (1 4 &d;)
i N
+ dij — fia (x5, bi) 1€b; — —bib;
ST

where l;,- is the same in (Case 1), E; = %Ei(t), and

exp(i " xj + b))
1+ exp('f)Tx;; + b))

,LALZ(x?](', Bl) =
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APPENDIX: ESTIMATION
Stage 1

» Updates for 3 is the solution of

and, the update B*+1) is calculated as

B(k—i—l) — <i Xz—l—f{l> ZXT { 1 + w(k)D )Mz(a(k )}

i=1
(14)

where 4;(6) is an approximated value of posterior mean of b;,
E(bih/ia d;, xi, zi, O(k)).
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APPENDIX: ESTIMATION
Stage 1

» Updates for w and o are

m -1 m
w(””{ZlTDf&(m“)} {Z(Yi—m)%we“))}—1, 15)

i=1 i=1
(D) Z (yi — % — %) (16)
—*Z(yz— B) " (1+ wd;) i (60)

+ = Z(de (1 + wd;)5;(01),

where1 = (1,...,1)T € R", and N is the total number of records
(N = Elmzl ni)-
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APPENDIX: ESTIMATION

Stage 2

» No explicit solution for the updates of 8, = (1, £).

0
g1 =2g1(n,§) = %Qﬁ(ezéa(k)) =0,

0
2 =g2(n,§) = a*EQﬁ(eﬂe(k)) =0.

» A numerical optimization method such as Newton Raphson’s

algorithm should be used.

» The first and second derivative of Q; should be calculated.
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APPENDIX: ESTIMATION

Stage 2

» Let g(n, &) be the first derivative of Q3:

_ k4! (nv 5)
807.8) = lgzm,@]

» Let J be a Jacobian matrix:
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APPENDIX: ESTIMATION

Stage 2

» Then, the Newton’s method finding maximizers of Q; with

respect to 6, would be

[Z:+z] B |\Zj| _I(i'llh&) g(ntagt) (17)
+

where g(n;, &) and J(y, ¢,) refer to the previously defined

functions evaluated at n = n; and £ = &,.

» The final values from (17) will be the updates for 1 and &.
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APPENDIX: ESTIMATION

Numerical Resul
Q0

Conclusion References
[e]e]

Appendix

Stage 3

» Updates for o}

z (1)

Za (6W).

(18)
where §;(0%)) is an approximated value of E (b?|y;, d;, x;, zi, 0%))
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APPENDIX: APPROXIMATION

Where do we require approximations?

» The incomplete-data log likelihood:

Lops (0) = /Z10gf(yi7diabiaxiyzi)dbi~

i=1

» Posterior moments of b;:
E(bilyi, di, xi, zi) = /bif(bi\yi,di,xi,zi)dbi
E(b2 |y, di,xi, z1) = / BF (bilyi. di. i, 2:)dlb
» Integral in Q,(0; 0M):

/log {1 + exp(nTx;«';« + fbi)}f(bi\y,-, d;, x;, z;)db;

(19)

(20)

(1)

(22)
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APPENDIX: APPROXIMATION

Laplace’s approximation method

» The conditional density of b; given the observed data can be
written as

__ f(yildi, bi, xi, zi)f (dilbi, xi, zi)f (bi)
S fyildi, bi, xi, zo)f (di|bi, x;, z;)f (b;)db;

f(bilyi, di, xi, zi) (23)

» Choices of i and g for the Laplace’s approximation (10) would be
h(bi) = s(bi)f (di|bi, xi, zi)
1
g(b;) = —E{ log m(b;) + log f (yild;, bi, x;, zi) + log f (b;) }

where s(-) and m(-) are smooth and positive functions.
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APPENDIX: APPROXIMATION

Approximating posterior moments

» We cannot choose s(b;) = b; because h should be positive.

» Computes Laplace’s approximation for the moment generating
function (Azevedo-Filho and Shachter, 1994).

» Dividing (Case 2) by (Case 1) will result in the approximated
value of posterior moment generating function (mgf):

E[" s, d;, %1, 21] = [ eYif (yildi, by, xi, z)f (di|bi, i, z;)f (b;)db; _ Case 2
Yir B0 X0 2L = T s, by xi, z0)f (dilbs, %1, z0)f (b)db; - Case 1

» This approximation of the ratio is justified by Tierney and
Kadane (1986).
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APPENDIX: APPROXIMATION

Approximating posterior moments

» By the definition of expectation and variance from the mgf,

0 .
E(bilyi, di, xi, zi) = ElogE(etb’|yi’d"’xi’zi)‘t:O ’
2

Var (bily;, di, xi, z;) = % log E (e |y;, di, xi, zi)

t=0

» The posterior second moment can be obtained by computing

E (07 |yi, di,xi, zi) = Var (bilyi, di, xi, zi) + {E(bi\yi7di,xi72i)}2~
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